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INTRODUCTION 
IF ~ c_~ cm is a complex analytic surface with a normal singularity at a point P, 
then[15] the intersection M = ~Ff3 S, of ~ with a small sphere in C m centered at P is 
a closed, smooth and oriented 3-manifold, called the link of P in ~. The vector bundle 
T~IM, tangent o ~ over M, is always trivial as a real vector bundle. If 7~FIM is also 
trivial as a complex bundle and a is a parallelism on M such that by adding to a the 
unit outwards normal field of M in ~F we obtain a complex trivialization of T~FIM, 
then we say that a is compatible with the complex structure on ~F. Our main result is: 
THEOREM 3. Let ~ and P be as above, and let a be a parallelism on M compatible with 
the complex structure on ~. Then the framed cobordism class represented by (M, a) is 
independent of the choice of a and it represents the element 
X(IT") K2 3.  W)} ~-~3 "[r - -~-+~ (W?-  8 Arf v 
in the cobordism group l~J r, where v represents the standard generator of 1-13 it, I7 is a 
good resolution of P ([18]; p. 209) endowed with a characteristic submanifold W 
relative to a (see 2.1), X(f') is the (Topological) Euler characteristic of (,', K E 
H2(V,Z) is the canonical divisor and Ar fW~Z2 is the Arf invariant[20] of a 
(certain) quadratic form q on HI(W; Z2). 
We recall that the group fl31r can be identified, via the Pontryagin-Thom 
construction[14], with the stable homotopy group of the spheres ~-3 s ~Z24, and its 
generator v may be represented by the sphere S 3 with the right invariant framing 
[23]. It is remarkable that if we delete the above condition of a being compatible 
with the complex structure on Y', then Theorem 3 is not at all true. The link M of any 
singularity P as above represents, with all possible trivializations of its tangent 
bundle, all the elements in ¢r3 s. 
If the singularity of °V at P is Gorenstein ([6]; 1.2), then its link M may always be 
endowed with a parallelism compatible with the complex structure on Y" (see §1). In 
particular, a complete intersection germ is Gorenstein. In §1 we describe a canonical 
way of constructing such a parallelism for complete intersection germs; we call the 
induced (stable) framing p on M the canonical framing, and we show (Theorem 1) that 
(M, p) represents the element (/z + 1)v ~ ~-3 s, where /z is the Milnor number of P [9]. 
The canonical framing p was defined first in [22] for the 3-dimensional Brieskorn 
manifolds M(p, q, r) to show (upon use of Milnor's paper[16]) that if H = II(p, q, r) is 
the commutator of a triangle subgroup F(p, q, r) of SL2(~) (see [16]), and ~ is the right 
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invariant framing on the orbit space H\SL2(R), then (H\SL2(R), ~)  represents the 
element {1 +(p-  1)(q-  1)(r-1)}v ~ ~-fl (a similar result holds for the triangle sub- 
groups of $3122]). Our proof of Theorem 1 is different in details to that of ([22]; 1.2), 
but it is the same in principle. A different, and rather ad hoc, proof of this result may 
be constructed from our Theorem 3 and the main result of [6]. 
In §2 we prove an extension of Rochlin's theorem[17, 19] for manifolds with 
boundary, which provides a new formula for the (real) Adams e-invariant [1, 4] of a 
stably framed 3-manifold. This formula is essential for our proof (in §3) of Theorem 3. 
In §4 we give some applications and examples. We show that if P is one of 
Arnold's 14 exceptional singularities [3], then Theorems 1 and 3 combined say, 
Dolgachev # + ~,, Gabrielov # ~- 0 mod (24), 
where each summand is, essentially, the e-invariant of the canonical framing p of §1, 
which shows that the behaviour of this framing is, somehow, related to the strange 
duality of Arnold ([3]; p. 8). 
§1. 
In this section, we let the germ of °V at P be a complete intersection germ, defined 
by a holomorphic function 
f = (f~ . . . . .  fa) : (C k+2, P) ~ (C k, 0), k -> 1, 
with P being the only critical point of f (i.e. the Jacobian matrix (afi/az i) has rank 
smaller than k at P, but nowhere else). The k-form dfl A . . .  ^ dfk defines a holomor- 
phic trivialization of the co-normal bundle ^  kN*(OF) of OF-{P} in C k+2. This deter- 
mines a (canonical) holomorphic trivialization of ^ 2T*(OF), i.e. a nowhere vanishing 
holomorphic 2-form to on OF- {P}, or in other words, a reduction to SU(2) = Sp(1) of 
the structure group of the bundle TOF tangent o OF-{P}. In local coordinates to is, 
dzl ^  dz2 dzk+l ^  dzk+2 
det (afdOzp det (afJazp 
3_<j<_k+2 I<_j<_k 
Let M be the link of P in OF and let ~- be the unit outwards normal field of M in OF. 
Multiplying ~- by i, j, k, according to the Sp(1)-structure on T°//", we obtain three 
(mutually orthogonal) vector fields ~-i, r/, rk on M. These endow M with a parallelism 
p compatible with the complex structure on OF, and we call the induced stable framing 
on M the canonical framing. It is worth noting that this same construction of a 
framing can be applied to any normal Gorenstein singularity in a complex analytic 
surface. 
THEOREM 1. With the above hypothesis, the pair (M, p) represents the element 
(/~ + 1)v E ~r3 s, where tx is the Milnor number of P and v is the standard generator of 
7T3 s . 
We note that if a is any other parallelism on M compatible with the complex 
structure on 7/', then (M, a) is framed cobordant o (M, p) (by Theorem 3), so (M, a) 
also represents (/~ + I)~, E 7r3 s. 
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Proof. Since the real e-invariant is injective on 7r3 s [1] and e(u) is 1/24, we shall 
prove Theorem 1 by showing 
~t+l  
e(M, p) = ~ mod Z. 
For this, choose e, 6 > 0 sufficiently small [9] and let ~' be the non-singular analytic 
surface ~' = f-~(t), for a suitable It[ < 6. By ([9]; 1.7), the intersection V' = T" N/9, of 
~'  with the closed disc of radius ~ about P is a compact, oriented manifold of 
dimension 4, with boundary diffeomorphic to M and V' has the homotopy type of a 
wedge of 2-spheres, the number of spheres in this wedge being (by definition) the 
Milnor number of P, so x(V ' )=/z  + 1 and we shall prove e(M, p)= x(V')/24 mod Z. 
The above holomorphic 2-form w is nowhere-zero on V' (because P is an isolated 
critical point of f), so V' has an Sp(1)-structure extending that on M, i.e. the 1st Chern 
class c~ of V' (relative to the framing on M(t)) vanishes. Thus, V' has a spin structure 
compatible with the framing p on M. By definition of the e-invariant [4], 
e(M, p) - -p~[V'] mod z 
48 
where p, is the Pontryagin class of V' relative to p and [V'] is the orientation cycle 
of V'. Since c ,=0,  Pl is determined by the 2nd Chern class of V' relative to 
p, p~ =-2c2 .  The result now follows by obstruction theory[ l l ]  and Hopf's theorem 
for manifolds with boundary [14]. 
§2. 
Let X be a compact, oriented, (smooth) 4-manifold, TX its (stable) tangent bundle 
and a a trivialization of TXlaX. 
2.1 Definition. An oriented 2-submanifold W of In tX  is a characteristic sub- 
manifold of X relative to a if the mod (2) reduction of the class [W] in H2(X; Z) that 
it represents i dual to to2, the 2nd Stiefel-Whitney class of X relative to a. 
THEOREM 2. Let (M, a) be a stably framed 3-manifold which bounds, as an 
oriented manifold, a compact, oriented manifold X. If W is a characteristic sub- 
manifold of X relative to a, then the real Adams e-invariant of (M, a) is 
1 A[X] + W2 - 8 Arf W mod Z 
e(M, a) = ~ 16 
where ,3,[X] is the A-genus of X (in the relative Pontryagin class P0, W 2 is the 
self-intersection umber of W, and Arf W E Z2 is the Arf invariant of a certain 
quadratic form q on H~(W; Z2). 
The precise quadratic form q is that defined in [7] (also [19]). If we take the 
manifold X of Theorem 2 to be spin, then the empty manifold is a characteristic 
submanifold of X, so Arf W = 0 and our result is consistent with the definition of the 
(t)We recall that the trivialization p of TV'IM defines a vector bundle T over the quotient V'/M, with 
p*(T) ~-TV' (Here, p is the natural projection V'---~ V'/M). The bundle T has characteristic classes in 
H*(V'/M) ~ H*(V', M); These are, by definition, the characteristic classes of V' relative to the framing on 
M. 
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e-invariant. If, on the other extreme, we take OX = 0, then Theorem 2 says 
W 2 - ~r(X) _ Arf W mod Z 
16 2 
where ~r(X) is the signature of X, which is the classical result of Rochlin[19]. 
Proof of Theorem 2. Since the group 123 spin of spin cobordism vanishes[2], there 
exists a compact, spin 4-manifold X'  with boundary M and the spin structure on X'  is 
compatible with the framing on M (i.e. the spin structure on M induced by X' is the 
same spin structure induced by a). Let Y=XU u-X '  be the closed, oriented 
4-manifold obtained by pasting together X and X'  (with reversed orientation) along 
their common boundary. Then, 
~[Y]  = A[x] - A[x'] 
thus 
1 f i[X]-t or(Y) 
fi,[X'] = ~ 16 
because or (Y )=-  8A[Y], but e(M, a)= ½A[X'] mod Z (since X'  is spin). Hence, 
1 A[X] +-~ mod Z e(M, a) = 
and by Rochlin's theorem, if W is any oriented submanifold of Y representing a class 
in H:(Y; Z) whose mod 2 reduction is dual to to2 (the 2nd Stiefel-Whitney class of Y), 
then 




where Arf W is the Arf invariant of a quadratic form q on Hi(W; Z2). Since X'  is 
spin, the class to2 vanishes over Int X', therefore any characteristic submanifold of X 
relative to a will represent a class in H2(Y; 7) whose mod 2 reduction is dual to to2, 
and the result follows. 
§3. 
We now prove Theorem 3. For this, let us denote by OF a normal complex analytic 
surface with a (unique) singular point at P, let 7r: ~ OF be a good resolution of P 
([18]; p. 209) and let El . . . . .  En be the irreducible components of the exceptional 
curve 7r-l(P). If we denote by V the intersection of °V with a small closed disc D, 
about P, then 
f, = ~r-l(V) 
is a compact, oriented 4-manifold with boundary diffeomorphic to the link M of P in 
OF. We shall refer to $7 as the resolution of the singularity (c.f. Theorem 3). It has the 
exceptional curve ~- l (p)  as a deformation retract. 
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Let a be a parallelism on M compatible with the complex structure on ~, then the 
,~,-genus of V relative to a is 
,~[9] = - pl[~'] _ 1 
24 24 (2c2[ V] - c12[ I?]), 
where c~, c2 are the Chern classes of 17' relative to a and [f'] is the orientation cycle. 
By obstruction theory[ l l ]  and Hopf's theorem for manifold with boundary[14], 
c2[ I?] is the (Topological) Euler characteristic of I7", and it is independent of the choice 
of a. Similarly, by [6] the class c~ is also independent of a and it is dual to the 
anti-canonical divisor -K  (This follows, essentially, because the intersection matrix 
((Ei .E  j)) is negative definite[17]). We recall[6] that the canonical divisor of V is the 
class K E HE(IT"; Z) uniquely determined by the equations (Adjunction formula), 
2g i -2  = Ei • Ei + K • Ei 
for each i = 1 . . . . .  n, where gi is the genus of the curve Ei. Now, by Theorem 2, 
e(M,c~) 2X( f ' ) -K :  W2-8Ar fWmodZ 
- 48  4 16  
where W is a characteristic submanifold of I7" relative to a(t).  But W depends only 
on the 2nd Stiefel-Whitney class of I? relative to a, which is independent of the 
choice of a because it is the rood 2 reduction of cl. Therefore W is also independent 
of the choice of a, and the result follows because the e-invariant is injective on ~-3 s. 
§4. 
We now have some examples 
4.1 Example. Let P be an isolated sipgularity in a 2-dimensional complete inter- 
section ~, and assume P has a resolution f" whose dual graph[18] is 
- d l  
A d2 ." 
where each vertex vi, i = 0, 1 . . . . .  n, represents a non-singular curve Ei of genus 0 
except, possibly, the centre E0 which has genus g --- 0 and 
do = (2g - 2)+ n ~ ~.. 
i=1 
(For instance, any quotient-conical singularity, in the sense of [5], that is canonical 
has a resolution 17" as above.) 
(t)I thank E. Rees for reminding me that a representative for W may always be obtained by taking the 
transverse intersection of the zero section of (the canonical bundle) ^  :T* l/with any non-zero section of this 
bundle that extends the trivialization of ^ 2T* (Z/M induced by a ( W would then represent the canonical class K 
in H2(~7; Z) and it is non-singular). 
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Let K = ~ m~Ei, m~ E Z, be the canonical divisor of 17". By the adjunction formula, 
2g - 2 + do = K • Eo  = - domo + ~, mi 
i= l  
and 
- 2 + di = K • Ei = - d imi  + mo 
for i = 1 . . . . .  n. Solving these equations we find m0 = -2  and mi = - 1 for i = 1 . . . . .  n. 
Therefore K -2E0 E; and W ~ E; is a characteristic submanifold of I7' 
i= l  i=1 
relative to a parallelism a on M = d17' compatible with the complex structure on 7/'. 
Moreover, Arf W = 0 because Hi(W;  Z2) vanishes. Hence Theorem 3 says, 
(M, ct )=(do-~_l  di). v E 7r3 s 
for any parallelism on M compatible with the complex structure on ~. In particular, 
we can take a to be the canonical framing of §1. 
4.2 Example (see [22], [3; p. 8]). If F = F(p, q, r) is a triangle subgroup of SL2(R) 
(see [16]), then [5] F defines naturally an algebraic surface ~ with a normal singularity 
at a point P, and the link of P in ~ is ditfeomorphic to the orbit space F\SL2(R) (the 
surface ~ is Spec A*, where A* is the algebra of F-automorphic forms). Acccording 
to [5], there are exactly 14 triples (p, q, r) for which the surface Y" may be defined by a 
single equation, i.e. Y" is a hypersurface of C 3. These 14 equations correspond to the 
14 exceptional unimodular singularities of Arnold [3], and the integers p, q, r are the 
Dolgachev numbers of the singularity. 
Let f: (C 3, 0) ~ (C, 0) be a holomorphic map (with an isolated critical point at 0), 
whose germ at 0 represents one of these 14 exceptional singularities, and let ~ = 





where all vertices represent non-singular curves of genus 0 and p, q, r are the 
Dolgachev numbers of 0. The hypothesis of (4.1) are clearly satisfied. We may now 
frame the link M of 0 with either the canonical framing of §1 or with the right 
invariant framing ~, inherited from SL2(R). (By [22] both framings are the same, up to 
homotopy.) Then by example 4.1, 
1- (p  + q + r) mod Z e(M, p) = 24 
(see [22; 3]). Also, by Theorem 1, 
e(M, p) = ~ rood Z 
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where /x is the Milnor number of 0. Since for each exceptional singularity /z is the 
sum of the Gabrielov numbers [8], these two expressions for the e-invariant say, 
~'~ Dolgachev # + ~ Gabrielov # - 0 rood (24). 
4.3 Remark. In fact, if P is an isolated singularity in a 2-dimensional complete 
intersection OF, then Theorems 1 and 3 yield, 
W _ K 2 
/z + 1 --- X(1?)+ K2+ 12 8 Arf W} mod (24) 
which is similar to the results of [6, 12]. Indeed, this result combines with Laufer's 
theorem ([12]; 1) to show that if 
pg = dim H'(V,  6~) 
is the geometric genus of P (see [24]), then 
W 2 - K: 
Arf W = - - - - i f - - -  + pg mod 2. 
4.4 Example. Let °F be the algebraic surface 
ZI 2 -~- 223 -q- Z36 = 0. 
By [18] the origin 0 has a resolution Q which fibers as a disc bundle with Chern 
number - 1 over a torus T. The adjunction formula shows K = - T, so T itself is a 
characteristic submanifold of I7" relative to the canonical framing O on the link M of 0 
(the manifold M is the sphere bundle). By [13] the genus pg of 0 is 1, so (4.3) above 
implies 
Arf W = 1. 
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